Abstract. We compute quantum cohomology rings of elliptic P 1 orbifolds via orbi-curve counting. The main technique is the classification theorem which relates holomorphic orbicurves with certain orbifold coverings. The countings of orbi-curves are related to the integer solutions of Diophantine equations. This reproduces the computation of Satake and Takahashi in the case of P 1 3,3,3 via different method.
Introduction
The theory of holomorphic curves has been a great tool to understand the geometry of a symplectic manifold. The quantum cohomology ring plays an important role in Hamiltonian dynamics and mirror symmetry. Quantum cohomology counts J-holomorphic spheres inside a symplectic manifold which intersect three given (co)cycles. As the counting also includes constant holomorphic spheres, quantum cohomology deforms the classical cup product on the singular cohomology ring.
Later, Chen and Ruan [CR2] defined the quantum cohomology for symplectic orbifolds. Their orbifold quantum cohomology ring captures stringy phenomenon in the sense that it also includes twisted sectors of a given orbifold as well as usual cocycles on the underlying space of the orbifold. In order to do this, one also allows the domain curves to have oribfold singularities. That is, one should count holomorphic orbi-spheres as well.
The main objects which we will study throughout the paper are one of simplest types of such orbifolds, spheres with three cone points called the orbifold projective lines. The orbifold quantum cohomology of these spheres indeed have a richer structure than that of the ordinary smooth sphere, since one additionally considers interaction among three singular points through J-holomorphic orbi-spheres as mentioned. We shall briefly review the orbifold quantum cohomology in Section 3.
Orbifold projective lines of our interest in this paper are those which admit elliptic curves as their manifold covers, and have three singular points z 1 , z 2 and z 3 . There are three such orbifold projective lines, P 1 3,3,3 , P 1 2,3,6 and P 1 2,4,4 , where subindices indicate the orders of singularities at three orbifold points z i . We will call these elliptic orbifold projective lines. (We remark that there is in fact one more orbifold projective line which is a quotient of elliptic curve, that is the orbifold projective line P 1 2,2,2,2 with four Z 2 -singular points, which will not be considered in this paper.) 1 2,4,4 even for all genera and proved the Landau-Ginzburg/Calabi-Yau correspondences for these examples.
We would like to mention that our method is different from theirs. Namely, our purpose here is to reproduce the (small) quantum product terms of the potential by directly counting holomorphic orbi-spheres. For this we will classify all holomorphic orbi-spheres with three markings in Section 4.2. Interestingly, we find that these orbi-spheres have an one-to-one correspondence with the solutions of certain Diophantine equations depending on the lattice structures on the universal covers of orbifold projective lines constructed from the preimages of three singular points.
The quantum product on P In the item (2), there are only even-degree holomorphic orbi-spheres.
In addition to these, there are two more 3-fold Gromov-Witten invariants ∆ 0,3 , for which we only give a heuristic counting in Conjecture 6.3. We are not able to associate solutions of a Diophantine equation to these holomorphic orbi-spheres since their domain is P 1 3,6,6 which does not admit an elliptic curve as a covering unlike the other cases. > 1 was investigated by Milanov-Tseng [MT] and Rossi [R] using Frobenius structures associated with the mirror potential W for P 1 a,b,c . For elliptic orbifold projective lines, global mirror symmetry and LG/CY correspondence were proved by Milanov-Ruan [MR] , Krawitz-Shen [KS] and Milanov-Shen [MSh] .
In mirror symmetry point of view, quantum cohomology rings of elliptic projective lines should be isomorphic to the Jacobian rings of their mirror potentials :
(1.3) ks : QH
Preliminaries
In this section, we briefly review orbifold theory which will be used in the section 4.
2.1. Orbifolds. The notion of orbifolds had been firstly introduced by Satake [Sa] in the name of V -manifolds, and the theory of orbifolds was further developed by Thurston [Thu] .
Here we follow the definition of orbifold as given in [CR1] . (See [ALR] for more details on other approaches.)
Definition 2.1. A paracompact Hausdorff space X is called an n-dimensional orbifold if X can be covered by open subsets X = ∪U i such that
(1) there exists a homeomorphism φ i :
is an open subset of R n with an (effective) action of a finite group G i ; (2) for a point x ∈ U i ∩U j , there is an open neighborhood U ij of x in X which is isomorphic to the quotient of an open domain V ij in R n by a finite group G ij , and embeddings
In particular, for each x ∈ X, we can take an open neighborhood U x of x in X which is isomorphic V x /G x (where V x ⊂ R and G x is a finite group) such that the preimage of x in V x is the single point which is fixed by G x . We call (V x , G x ) a local uniformizing chart around x. Now, for two orbifolds X and Y , the morphism between them can be defined as follows.
Definition 2.2.
(1) A smooth map f between X and Y is a continuous map f : X → Y , which has the following local property. For each x ∈ X, there exist uniformizing chart (V x , G x ) and (V f (x) , G f (x) ) of x and f (x) respectively and an injective group homomorphism
(2) A smooth map f between X and Y is called good if it admits a collection of maps { f U U , λ} which is called a compatible system of f and defined as follows :
where each maps are equivariant maps.
There is another notion of maps between orbifolds introduced by Takeuchi [T] . We will compare two notions in Lemma 2.10. 2.2. Orbifold fundamental group. In this section, we recall the notion of the orbifold fundamental group (introduced by Thurston), which is closely related to orbifold covering theory explained below. This is analogous to the connection between usual covering theory and fundamental groups. It is enough to consider global quotient orbifolds for our purpose in this paper. Consider a finite group action G on a manifold M which preserving orientation. (One may consider an infinite group G, if an orbifold is represented as a quotient of noncompact manifold by an locally free action of a discrete group.) Then generalized loops in M are defined as follows:
Choose a point x 0 ∈ M with G x 0 = 1, and let π for generalized loops γ, δ based at x 0 where '#' denotes the concatenation of paths.
For example, π
where ρ 1 , ρ 2 and ρ 3 are generalized loops in the universal cover of P 1 a,b,c whose images in the underlying space of the orbifold look as in (a) of Figure 1 . The relation ρ a 1 = 1 can be seen in the uniformizing chart around the singular point of order a (see (b) of Figure 1 ). One can observe the relation ρ 1 ρ 2 ρ 3 = 1 even more directly on the orbifold itself.
Remark 2.4. See [T] for details on the link between orbifold fundamental groups and orbifold coverings which we shall explain below.
2.3. Orbifold covering theory. There is an analogue of covering space for orbifolds whose local model is R n /G → R n /G for some finite group G which acting on R n with G ≤ G.
Definition 2.5. [T, Section 1] An orbifold X is called a covering orbifold, if there is a continuous surjective map p : | X| → |X| satisfying following condition :
For each point x ∈ |X|, there is a local uniformizing chart
where q is the natural projection.
An orbifold which admits a manifold covering is called a good orbifold. For example, the orbifold projective lines P 1 3,3,3 , P 1 2,4,4 and P 1 2,3,6 of our main concern are all good orbifolds, as they are given by quotients of a 2-torus. Throughout the section, we assume that all orbifolds are good.
Following [T] we introduce the notion of orbi-map.
Definition 2.6. [T, Section 2] An orbi-map f : X → Y consists of a continuous map h : |X| → |Y | between underlying spaces and a fixed continuous maph : X → Y which satisfy
Remark 2.7. Indeed, covering theory in [T] only concerns about good orbifolds.
For orbi-maps, we have usual lifting theorems in covering theory as well, whose proof is not very much different from the standard one. As we will often use lifting theorems for orbifold coverings by Takeuchi [T] , we also introduce another notion of morphisms between orbifolds which Takeuchi called orbi-maps. However, we will show in Subsection 2.4 that two notions are equivalent for our main examples.
2.4. Orbi-maps between two dimensional orbifolds. While orbifold covering theory is well-established for orbi-maps by Takeuchi [T] , orbifold quantum cohomology is defined by counting good maps given in (2) of Definition 2.2. In the case of elliptic P 1 orbifolds, it turns out that maps given in (1) of Definition 2.2 satisfy axioms in Definition 2.6.
Remark 2.9. From [CR2, Lemma 4.4 .11], a smooth map f : X → X between two orbifolds X and X is a good map with a unique compatible system up to isomorphism, if the inverse image of the regular part of X is an open dense and conneted subset of X. Note that a nonconstant smooth map contributing to the quantum product for P 1 a,b,c automatically satisfies this property.
Consider two (good) orbifolds X and Y which admit manifold universal covering spaces p : X → X and q : Y → Y , respectively. Assume that the deck transformation action of p and q are orientaion preserving. Moreover, assume that both X and Y are two dimensional (which is the case of our main interest). Note that singular loci of X and Y are sets of isolated points.
Lemma 2.10. With the setting as above, any non-constant smooth map φ : X → Y satisfies the axioms in Definition 2.6 if dim X = dim Y = 2.
Proof. We first show that there is a continuous mapφ :
What we want to have is basically a lift of the map φ • p : X → Y . We claim that at each pointx ∈X there is a local lifting of φ • p. Let x := p(x). Then one can find a neighborhood ofx which uniformizes X locally around x. Since the same is true for any point in the inverse image q −1 (φ(x)), we can find a local lifting of φ aroundx by the properties of orbifold maps.
By gathering such a neighborhood for eachx ∈ X, we obtain a open covering U = U i : U ⊂ X, i ∈ I of X which consists of open subsets of X on which φ can be locally lifted. For each U i ∈ U, we fix a local liftingφ i of φ. On the intersection of two open subsets
Note that {g ij : i, j ∈ I} satisfies the usual cocycle condition, that is, From (2.2) and (2.4), we have iφi = jφj on U i ∩ U j . If we setφ i := iφi , then {φ i } i∈I gives a collection of local liftings of φ any two of which agree on their common domain. Denote the resulting global lifting of φ byh.
We next check the second axiom of Definition 2.6. Let σ be a deck transformation of the covering p :
Since bothh andh • σ are liftings of φ • p, one can find an element τx in Aut (Y, q) for each x ∈ X such thath
Since X is connected and π orb 1 (Y ) is discrete, τx has to be independent ofx. This gives an element τ in the second property of orbi-maps.
(2.5) Xh
Finally, the third condition of orbi-maps follows obviously since we are only considering non-constant morphisms between orbifolds with the same dimension.
Remark 2.11. From the proof, we see that the lemma also holds for a smooth map between two good orbifolds of general dimensions which does not send a whole open subset to a fixed locus.
Gromov-Witten theory of orbifolds
In this section, we briefly review the quantum cohomology of orbifolds developed by Chen and Ruan. The key ingredients in defining the product on this cohomology are holomorphic orbi-spheres (or orbifold stable maps in general) in orbifolds with three marked points. If we consider such spheres with arbitrary number of markings as well, then we obtain the orbifold (genus-0) Gromov-Witten invariants [CR2] (See Subsection 3.1 and 3.2, also.)
At the end of the section, we will come back to our main examples, orbifold projective lines P = 1 which are in fact quotients of an elliptic curve, which exhibit a lots of number theoritic phenomenons. We remark that Satake and Takahashi [ST] provided the full genus-0 potential of P 1 3,3,3 using the algebraic method. We will also briefly recall their work.
3.1. Description of M g,k,β (X). Let (X, ω) be an compact effective symplectic orbifold with a compatible almost complex structure J. (See [CR2, Definition 2.1.1, 2.1.5].) We begin with the description of the compactified moduli space of orbifold stable maps into X. Details can be found in [CR2] . • z = (z 1 , · · · , z k ) is a set of orbi-singular points on Σ with isotropy group of order m = (m 1 , · · · , m k ) for some integer m i (≥ 2). The orbifold structure on Σ is given as follows: at each point z i , a disc neighborhood of z i is uniformized by the branched covering map z → z m i .
In order to compactify the moduli space, we should also include nodal Riemann surfaces as domains of holomorphic maps. • Σ ν is a smooth Riemann surface of genus g ν , and π ν : Σ ν → Σ is a continuous map.
The number of Σ ν is finite.
• For each z ∈ Σ ν , there is a neighborhood of it such that the restriction of π ν : Σ ν → Σ to this neighborhood is a homeomorphism to its image.
• For each z ∈ Σ, we have ν #π −1 ν (z) ≤ 2, and the set of nodal points {z| ν #π −1 ν (z) = 2} is finite.
• z does not contain any nodal point.
We next allow cone singularities on nodal Riemann surfaces. • The set of orbi-singular points is contained in the set of marked points and nodal points z; • A disk neighborhood of a marked point is uniformized by a branched covering map z → z m i ; • A neighborhood of a nodal point is uniformized by the chart ( U , Z n j ), where U = (x, y) ∈ C 2 xy = 0 on which Z n j acts by e Here m i and n j are allowed to be 1. We denote the corresponding nodal orbi-Riemann surface by (Σ, z, m, n), and if there is no confusion, simply write it as (Σ, z). (See Figure 2. )
Having a nodal orbi-Riemann surface as the domain, an orbifold stable map is defined as follows. • f : Σ → |X| is a continuous map from a nodal Riemann surface Σ such that f ν = f •π ν is a J-holomorphic map.
• Consider the local lifting
• Let k ν be the number of points in Σ ν which is marked or nodal. If f ν is a constant map, then k ν + 2g ν ≥ 3.
• ξ is an isomorphism class of compatible systems.
For the definition of an isomorphism between compatible systems, see [CR2, Definition 4.4.4] .
We are now ready to define the moduli space relevant to the orbifold Gromov-Witten invariants of X.
Definition 3.5.
(1) Two stable maps f, (Σ, z), ξ and f , (Σ , z ), ξ are equivalent if there is an isomorphism θ :
(2) Given a homology class β ∈ H 2 (|X|; Z), M g,n,β (X, J) is defined as the moduli space of equivalence classes of orbifold stable maps of genus g, with k marked points, and of homology class β.
3.2.
Gromov-Witten invariants of orbifolds. Now, we recall the definition of the orbifold cohomology group H * orb (X, Q) from [CR1] which is freely generated by the elements of the cohomology groups of twisted sectors of X (i.e., H * orb (X, Q) = H * (IX, Q) as a vector space, where IX is the inertia orbifold of X.) Here, the degrees of elements in H * (X (g) , Q) are shifted by 2ι(g) where X (g) is the twisted sector associated with the conjugacy class (g) and ι(g) is the age of an element g in a local group. H * orb (X, Q) also admits a natural Poincarè pairing which is compatible with these shifted degrees:
We fix a Q-basis {γ i } i=1,··· ,N of H * orb (X, Q). Then the k-fold Gromov-Witten invariants is defined by the following equation:
Remark 3.6. The compactified moduli space M 0,k,β (X) admits a virtual fundamental class
vir which can be defined with help of an abstract perturbation technique in general. (Readers are referred to [CR2] for more details.)
of twisted sectors, we say that f, (Σ, z), ξ is of type x, if orbi-insertions at the marked point z i lies in H * (X (g i ) , Q) for each i. Let M g,k,β (X, J, β, x) denote the moduli space of equivalence classes of orbifold stable maps of genus g with k marked points and of homology class β and type x. Then M 0,k,β (X) is the union of M g,k,β (X, J, β, x) over all types x, and the integration in (3.2) is nonzero on components
For later purpose, we give the virtual dimension of M g,k,β (X, J, β, x) explicitly:
where 2n = dim R X and
Remark 3.7. If c 1 of X vanishes as in our elliptic examples, the virtual dimension of the moduli is independent of the homology class β. In particular, n = 1 and g = 0 in our main examples.
If we set t := t i γ i , then the generating function for the Gromov-Witten invariants is defined as
which we will call the genus-0 Gromov-Witten potential for X.
In particular when k = 3, the counting given in (3.2) defines a product * on H * orb (X, Q) which is called the quantum product. More precisely,
or equivalently,
where P D(−) denotes the Poincarè dual with respect to the pairing (3.1). Therefore, (3.2) with n = 3 gives structure constants of this product. The associativity of * is proved in [CR2] . We remark that what we have defined is the small quantum cohomology of X while the big quantum cohomology involves the full Gromov-Witten invariants.
3.3. Elliptic orbifolds P 1 a,b,c and review on Satake-Takahashi's work. We now focus on elliptic orbifolds with three cone points P (2, 3, 6) and (2, 4, 4). They are called elliptic since these orbifolds can be described as a global quotient of an elliptic curve E by a finite cyclic group G.
We first fix the notation for generators of their orbifold cohomology rings in the following way: Let w 1 , w 2 , and w 3 be the three cone points P 1 a,b,c with isotropy groups Z a , Z b , and Z c , respectively. We fix a choice of a Q-basis of H * orb (P 1 a,b,c , Q), which is fairly standard. The Q-basis
is defined by the following conditions. The basis of smooth sector are
For twist sectors, let ∆
orb (P 1 a,b,c , Q) which are supported at singular points w 1 , w 2 , and w 3 , respectively. For t := t j,i ∆ i j , Orbifold cup products with respect to these basis are given as follows. 
, and the same happens for b and c. However, 1 and [pt] are still Poincarè dual to each other.
In the remaining part, we briefly recall the work of Satake and Takahashi [ST] on P 1 3,3,3 . We first give a description of P 1 3,3,3 as a quotient of an elliptic curve. Let E be the elliptic curve associated with the lattice Z 1, τ in C where τ = exp
. Then the Z 3 -action on C generated by 2π/3-rotation descends to E since this action preserves the lattice Z 1, τ . By taking quotients of E via the induced Z 3 -action, we finally obtain the global quotient orbifold P Figure 3 represents a fundamental domain of the Z 3 -action on E.) Since each fixed point in E has the isotropy group isomorphic to Z 3 , P 1 3,3,3 has three cone points each of which has Z 3 -singularity. We denote these singular points by w 1 , w 2 and w 3 , respectively. Therefore, the inertia orbifold IP Remark 3.9. Consider the universal covering C → E of the elliptic curve. The composition p : C → E → P 1 3,3,3 as well as the quotient map E → P 1 3,3,3 is a holomorphic orbifold covering map in the sense of [T] (see Definition 2.5, also). Indeed, p is the orbifold universal cover. We will use this fact crucially to classify holomorphic orbi-spheres in P Following the notation in (3.4), the Q-basis of H * orb (P 1 3,3,3 , Q) is given by
, and the Poincarè pairing for ∆ i j 's is determined by
otherwise.
Satake and Takahashi [ST, Theorem 3 .1] calculated the genus 0-Gromov-Witten potential of P 1 3,3,3 and the quantum product term can be written as
Here, η(q) is the Dedekind's eta function
The Fourier coefficients a N of f 0 depends on the prime factorization of N (or more precisely the quadratic reciprocity of N ), and is given by
where p i is a prime number with p i ≡ 1( mod 3), and q i is a prime number with q i ≡ 2 (mod 3). (See [S] .) The Fourier coefficients of f 1 also has a similar description which we will give in Appendix.
We also provide first few terms of f 0 and f 1 for readers to get an impression:
Holomorphic orbifold maps
As mentioned in the introduction, our main goal is to compute the (quantum) product structure of H * orb (P 1 a,b,c , Q) where (a, b, c) is one of (3, 3, 3), (2, 3, 6), and (2, 4, 4). Throughout the section, P 1 a,b,c denotes one of elliptic orbifolds P 1 3,3,3 , P 1 2,3,6 , and P 1 2,4,4 . In order to do this, we have to count holomorphic orbi-spheres in (or stable maps into) P 1 a,b,c with three markings. In this section, we first characterize these holomorphic maps and find their properties which are useful to classify holomorphic orbi-spheres in P 1 a,b,c . We will see that if f, (P 1 , z), ξ is a non-constant orbifold stable map into elliptic P 1 a,b,c of type x , z can not contain a smooth point. Thus, we may assume that x is a triple of twisted sectors. (See the discussion after the proof of Lemma 4.1 below.)
Recall that the type x determines the virtual dimension of a component of the moduli of orbifold stable maps containing f, (P 1 , z), ξ as well as the orbifold structure of domain orbi-Riemann sphere (P 1 , z) (Remark 3.7). In fact, the virtual dimension is given as
. As we only consider the 0-dimensional moduli for the quantum product, this gives a restriction on the type, that is, ι(x) = 1. If we impose an additional condition on the degrees of inputs for holomorphic orbi-sphere of type x with ι(x) = 1, we can show that it is actually an orbifold covering. This will be shown in Section 4.2.
As the first step, we show that there is no contribution to the quantum product from a degenerate orbi-sphere, which is an element lying on the boundary of M 0,3,β (P 
Proof. There are two classes of degenerate maps which are possibly contained in the boundary of the moduli space M 0,3 (P 1 a,b,c , J, β, x): (1)). Since the quotient map π : P 1 → P 1 δ,δ (by the obvious Z δ -action on P 1 ) is holomorphic orbifold covering and π 1 (P 1 ) = 0, there is a holomorphic map u which makes following diagram commutes (using Proposition 2.8 and Lemma 2.10).
Note that the image of u must be homotopic to a constant map since π 2 (E) = 0, and hence u is a constant map from the holomorphicity. This contradicts the stability of the map u, and hence there is no such holomorphic map u. A similar argument shows that u :
The remaining case is when the second component of the domain is not a good orbifold, u : P 1 mp,mq → P 1 a,b,c for some natural numbers p, q, and m satisfying gcd(p, q) = 1 and pq = 1. Consider the holomorphic quotient map π : P 1 p,q → P 1 mp,mq and the holomorphic map v := u • π.
Let x ∈ P 1 mp,mq be an orbi-singular point and x ∈ P 1 p,q be the element in π −1 (x). We may assume that x and u(x) have isotropy groups Z p for some p = 1 and Z a , respectively. Then from the definition of an orbifold map, the map v should be lifted locally to an equivariant map v on the local uniformizing charts
and the induced group homomorphism between isotropy groups φ v : [D, Prop.1.18] ). This gives a contradiction.
Consider an orbifold stable map f, (P 1 , z), ξ with three makings of type x. If there is a smooth point in z, f can be thought of as a map from an orbi-sphere with two singular points. Then exactly the same argument in the proof of Lemma 4.1 implies that f is indeed a constant map. 4.2. Orbifold coverings of P 1 a,b,c contributing to the quantum product. In this section, we prove that holomorphic orbi-spheres satisfying certain properties become orbifold covering maps. Most of holomorphic orbi-spheres contributing to the quantum product of elliptic P 1 a,b,c will turn out to satisfy these properties, later. (There is only one exceptional case for P where non-trivial holomorphic orbi-spheres from the hyperbolic orbifold P 1 3,6,6 contribute to the quantum product of P 
For u] by fixing the location of three special points on the domain (denoted by P 1 α,β,δ ), there is no further equivalence relation since there is a unique automorphism which sends given three point to the other. For such u, the lifting u is holomorphic, since it is locally holomorphic.
To avoid notational complexity, let us write X for P 1 a,b,c , and consider a triple of twisted sectors x = (X (g 1 ) , X (g 2 ) , X (g 3 ) ). Let G i be an isotropy group of a point in X (g i ) which is defined up to conjugacy. Since X is one dimensional, the age of an element of G i is given by ι (g i ) = l i |G i | for some l i ∈ {1, · · · , |G i | − 1}. Since we only count 0-dimensional strata of moduli of orbifold stable maps for the quantum product, we assume that
From Definition 2.5, we see that the necessary condition for u to be an orbifold covering map is that (4.5) ι −1
or equivalently l i | |G i | for i = 1, 2, 3. Nonetheless, this condition (4.5) is indeed sufficient to guarantee that u is an orbifold covering map:
Lemma 4.2. If u is a non-constant holomorphic orbifold stable map from (P 1 , z, m) to X of the type x satisfying (4.4) and (4.5), then u is an orbifold covering map. Here, z = (z 1 , z 2 , z 3 ) is a triple of marked points, and m = (m 1 , m 2 , m 3 ) is the triple of orders of isotropy groups of z.
Proof. Recall that any non-constant holomorphic map between Riemann surfaces is a branched covering. We want to show that this map is an orbifold covering (See Definition 2.5).
Consider three orbi-singular points {w 1 , w 2 , w 3 } in the target space and their inverse image u −1 (w i ). Since x consists of twisted sectors, there is a function I : {1, 2, 3} → {1, 2, 3} such that u(z i ) = w I(i) ∈ X (g i ) . We denote the number of points in u −1 (w i ) − {z 1 , z 2 , z 3 } by m(w i ).
Note that each z i has degree 3a i + l i for some a i ∈ N ≥0 where l i = ι (g i ) |G i |. The other points in the inverse image u −1 (w 1 ) has local degree which is a multiple of a, say ae j for some e j ∈ N (j = 1, · · · , m(w 1 )). Similarly, in u −1 (w 2 ) and u −1 (w 3 ), there are m(w 2 ) and m(w 3 ) number of points with degree bf k and cg l for 1 ≤ k ≤ m(w 2 ) and 1 ≤ l ≤ m(w 3 ), respectively.
Since any orbifold Riemann surface (Σ g , z) is analytically isomorphic to a smooth Riemann surface Σ g , u can be regarded as a branched covering map between two CP 1 's. In particular, one can apply the Riemann-Hurwitz formula to u so that 
, then the equality holds in (4.6). Since d is the weighted count of the number of points in the fiber
and hence by inserting (4.7) in the (4.6),
(4.7) together with e j ≥ 1 implies that
and similar inequalities also hold for w 2 and w 3 .
Combining (4.8) and (4.9), (4.10)
where the last equality follows from 
Since |G i | = a if i ∈ I −1 (1), (and with similar equalities for other two cases)
Combining (4.10) with (4.8), (4.11), and (4.12), it follows that
hence a 1 = a 2 = a 3 = 0 from the non-negativity of a i 's.
If we do not use the inequality (4.9) and proceed, we have the following more precise estimate
which implies e j = f k = g l = 1 for all j, k, l. Therefore, u is an orbifold covering. 
., X is spherical), the argument in Lemma 4.2 is not true any more.
4.3. Regularity of holomorphic maps. Finally, we show that holomorphic orbi-spheres which become orbifold coverings of elliptic P 1 a,b,c are Fredholm regular. We first recall the definition of the desingularization of an orbi-bundle, and examine some properties of the desingularized bundle which will be used for proving the regularity.
Let (Σ, z, m) be an orbi-Riemann surface and consider an orbi-bundle E → (Σ, z, m). The desingularization of E is defined as follows. For each disc neighborhood D i of orbi-singular points z i in z, E can be uniformized by (D i × C n , Z m i , π) so that the action is linear and diagonal. Hence the action can be written as (4.14) e
where the Z m i trivially acts on the right side. Consider the natural map φ : (Σ, z, m) → |Σ| which can be written as z → z m i over each D i . Then the local holomorphic chart on |Σ| is w = z m i over each φ (D i ). We construct a complex vector bundle |E| over the underlying space |Σ| of (Σ, z, m) by extending the complex vector bundle over |Σ| − {z 1 , · · · z k } whose trivialization is given by the right hand side of (4.15).
Chen and Ruan [CR1] observed that the first Chern number of an orbi-bundle is the sum of the first Chern number of its de-singularization and the ages of representations which are induced from local trivialization of the orbi-bundle over orbi-singular points. More precisely, let E be an orbi-bundle over a closed orbi-Riemann surface (Σ, z, m) and set m = (m 1 , · · · , m k ) for m i ∈ Z ≥0 . Then for each orbi-singular points z i , the induced representation ρ i : Z m i → End(C n ) can be written as
For a holomorphic orbi-bundle E → X, let us denote sheaves of holomorphic sections of E and |E| over X and |X| by O(E) and O(|E|), respectively. Then we have O(E) = O(|E|) [CR1, Proposition 4.2.2] from the removability of isolated singularities of J-holomorphic maps. In detail, if g : D i → C n is a local holomorphic section over |E| D i → D i , then g(w) = (g 1 (w), · · · , g n (w)) for some holomorphic maps g i : D i → C with respect to the trivialization taken as above. If we pullback this section via Φ i , then the corresponding section on
of f says that the section g is well-defined, although there is an ambiguity on the choice of brach cut for z = w 1 m i . Moreover, if we expand the holomorphic function f j as
then a n,j = 0 unless n ≡ m i,j modulo m i . Thus, the
is bounded on D i , and we conclude that g can be extended to a holomorphic section over D i using the Riemann extension theorem. One can easily check that this process is the inverse of the pullback via Φ i , which gives O(E) = O(|E|). Now we prove the Fredholm regularity of holomorphic orbi-spheres in elliptic P 1 a,b,c , which are orbifold coverings.
Proposition 4.4. Let X be an elliptic orbi-sphere and (Σ, z) be a domain Riemann orbicurve. If u : Σ → X is a holomorphic orbi-sphere satisfying (4.4) and (4.5), then u is regular.
Proof. Consider the pullback orbi-bundle u * T X → Σ and the linearized ∂-operator D∂ J (u) :
Note that the first Chern number of the tangent bundle of X is zero, and for any orbifold covering u, that of u * T X is also zero. From this, we can see that the desingularized bundle of u * T X, |u * T X| has (desingularized) Chern number −1 since the second term in the right hand side of (4.16) is 1 from (4.4). i.e. c 1 (|u * T X|) = −1. Since X is a complex orbifold and u is a holomorphic orbi-map, u * T X is a holomorphic orbi-bundle over Σ. The desingularization of holomorphic orbi-bundle is also holomorphic. From the Lemma 3.5.1 in [McS] , this implies that the holomorphic line bundle |u * T X| has vanishing cohomology group H 0,1 ∂ (|Σ|, |u * T X|). As the sheaf of holomorphic sections of |u * T X| is the same as the sheaf of (orbifold) holomorphic sections of u * T X on Σ, we have the vanishing of H 0,1 ∂ (Σ, u * T X). More precisely,
For the last isomorphism, note that the two term complex
is a fine resolution for the sheaf of holomorphic sections O(u * T X) as in the smooth case.
Remark 4.5. Even if u is not an orbifold covering, we still have c 1 (u * T X) ≥ c 1 (T X). (Indeed, we can improve this inequality by considering the degree of u.) Therefore, the above proposition also holds as long as X has a non-negative first Chern number.
For example, when we calculate the quantum cohomology of P 1 2,3,6 , we need to count holomorphic orbi-spheres u : P 1 3,6,6 → P 1 2,3,6 which are not orbifold covering maps. These orbispheres are also Fredholm regular exactly by the same argument.
5. The quantum cohomology ring of P In this section, we explicitly compute the product structure on QH * orb (P 1 3,3,3 , Q), which proves Theorem 1.1. For this, we first classify holomorphic orbi-spheres in P 1 3,3,3 (Section 5.1). Recall from Lemma 4.1 and Proposition 4.4 that these stable maps, in fact, are maps from a single orbi-sphere component and are regular. Thus by counting holomorphic orbispheres inside P 1 3,3,3 , we obtain the 3-fold Gromov-Witten invariant for P Remark 5.1. We will write the details on the classification orbi-spheres in P 1 3,3,3 as concrete as possible. For other two cases, P 1 2,3,6 and P 1 2,4,4 , we will find similar classification results in Section 6, but without much details as the arguments are not very much different from the one for P Hence from now on, we take the domain orbi-sphere to be P 1 3,3,3 with the fixed conformal structure which is induced by the quotient map E → P 
By degree reason, ∆
is trivial unless i + j + k = 1. Note that by the obvious symmetry on P Note that the conditions in the lemma 4.2 are automatic in this case. Therefore, u : P Proof. Because u is an orbifold universal covering, so is the composition u • p. Now, by the uniqueness of orbifold universal covering, u should be a homeomorphism. Note that u is an entire proper holomorphic map, since u is a homeomorphism and is a lifting of the holomorphic map u • p. It is well-known that any entire and proper holomorphic map on C is a polynomial. Since u is invertible, we conclude that u is a linear map u(z) = λz for some λ ∈ C. Here, u does not have a constant term because the lifting preserves the base points, u( x 0 ) = y 0 (i.e., u(0) = 0).
Recall from Subsection 3.3 that
(See the left side of Figure 5 .) Since 1 ∈ C is an element of this lattice, u should map 1 to a point in p −1 (y 0 ) which is also the same lattice Z[τ ] in C. Thus, λ = u(1) has to lie in Z[τ ], which finishes the proof.
It is obvious from the picture that the fundamental domain of the domain orbi-sphere covers that of the target orbi-sphere |λ| 2 -times by the holomorphic map induced by the linear map z → λz between the universal covers. Another way to see this is to consider the energy |du| 2 which equals the symplectic area of the holomorphic orbi-sphere u. Note that for u(z) = λz, |dũ| 2 = |λ| 2 . Therefore, such a map induces a term containing q |λ| 2 in the (3-fold) Gromov-Witten potential.
Conversely, any linear map u = λz with a coefficient λ in Z[τ ] induces a Z 3 -equivariant holomorphic map between the middle level torus E. The equivariance implies that u descends to a holomorphic map u : P 1 3,3,3 → P 1 3,3,3 . u is a well-defined orbifold morphism between P 1 3,3,3 , as it is represented by an equivariant map between E, and P Later, we will establish the one-to-one correspondence between linear maps with Z[τ ]-coefficients modulo "certain equivalences" and orbi-spheres in P . 5.2. Symmetries of the lifting of orbi-maps. We have proved that any orbi-spheres with orbi-insertion ∆
can be lifted to a linear map z → λz for λ ∈ Z[τ ]. We next investigate a natural equivalence relation ∼ on { u = λz | λ ∈ Z[τ ]} such that if u 1 ∼ u 2 , then these map induce a pair of equivalent orbi-spheres. Let us denote the set of linear maps {z → λz|λ ∈ Z[τ ]} by L(C). We now find the equivalence relation on L(C) such that the set of equivalence classes of L(C) corresponds bijectively to the moduli space M 0,3 (P at z 1 , z 2 and z 3 , respectively. Since u 1 and u 2 are the same orbifold morphism and both of them send z 1 to w 1 , their local liftings should be related by the local isotropy group at w 1 , which is isomorphic to Z 3 and is generated by the τ -multiplication.
On the level of universal covers, this local group can be realized as the local isotropy group at the origin (lying in p −1 (w 1 )) of C. Local groups at other points in the fiber p −1 (w i ) can not relate u 1 and u 2 since they do not preserve the origin. Consequently, λ 1 = τ k λ 2 for some k = 0, 1, 2, and this gives the desired equivalence relation on L(C).
For computational simplicity, we consider another type of symmetry on P 3 , ∆ 1/3 2 0,3 simultaneously. Then, dividing the number of such linear maps by the order of the group generated by the (1 + τ )-multiplication which is 6, we find the presentation of
Identification of inputs.
We have shown that a degree-d non-constant holomorphic orbi-sphere in P and so on. See Figure 6 . (Note that z → λz always send the origin to the origin, which is related to the fact that we fix the first orbi-insertion as ∆ 1/3 1 using the symmetry.)
Observe that
(Here, we used the relation τ 2 = −τ − 1.) Using
we see that there are only two possibilities:
(i) 3 | (a + b), for which both λ · 3 ) can be located at either (z 2 , z 3 ) or (z 3 , z 2 ). See the discussion at the end of Section 5.2.
Note that
Therefore, if d ≡ 0 mod 3, then the corresponding holomorphic spheres contribute to Let F (q) denote the power series
See (7.1) for first few terms of F .
By (5.2), the power of any nontrivial term in F (q) should be either 0 (mod 3) or 1 (mod 3). Thus, we can decompose F as F = F 0,3 + F 1,3 according to the remainder of the power of q by 3. Then the above discussion directly implies that
since there can not be contributions from constant maps. Here,
is responsible for the group Z 6 ∼ = 1 + τ which is discussed at the end of Subsection 5.2. again comes from Z 3 , the isotropy group at w 1 (or the origin in C).
Remark 5.4. Number theoretic aspects of F such as an explicit description of its Fourier coefficients will be given in Appendix. In particular, we will describe the Fourier coefficients of F in terms of the prime factorization of the exponent of q.
5.4.
Contribution from constant maps. The constant map whose image lies in a single singular point also contributes to the quantum product. Indeed, these constant maps induce the product structure " · " of the Chen-Ruan cohomology ring [CR1] of P 1 3,3,3 , and the quantum product deforms this structure analogously to the relation between cup products and quantum products for smooth symplectic manifolds.
Let us consider one of singular points w i and constant maps from an orbi-sphere with three markings onto this point. The computation is essentially the same for all i = 1, 2, 3 because of the symmetry. Obviously, there are two constant maps with image w i whose domain orbispheres are P 1 3,3,3 and P 1 3,3 . We denote these maps by c 1 and c 2 . Here, the markings for c 2 are located at two singular points and a chosen smooth point. We remark that the second map does not violate Lemma 4.1 since it only holds for non-constant holomorphic orbi-spheres. c 1 and c 2 give rise to classical parts
of the 3-fold Gromov-Witten invariant on X = P , where the fraction comes from the definition of the orbifold integration [ALR] (see Section 3.3). Therefore, the Chen-Ruan cup product for P 1 3,3,3 is given as follows.
Here, we used P D(∆ Remark 5.5. In fact, to verify (5.4), it remains to show that there are no other contributions than constants. However, we have shown in Lemma 4.1 that there are no holomorphic orbispheres in P 1 3,3,3 which has only two orbifold markings.
6. Further applications : (2,3,6), (2, 4, 4) In this section, we proves Theorem 1.2 and Proposition 1.3. We slightly modify the classification of holomorphic orbi-spheres in P 1 3,3,3 in order to compute the quantum cohomology rings of two other orbifold projective lines with three singular point: P 1 2,3,6 and P 1 2,4,4 . For a certain product in QH * orb (P 1 2,3,6 ), we use a heuristic argument, so the proof is incomplete (see Conjecture 6.3). We hope to fill in the missing part by classifing holomorphic orbi-spheres whose domain admits a hyperbolic structure, and leave it to future investigation.
We remark that the explicit formulae of quantum products of P 1 2,3,6 and P 1 2,4,4 have not appeared in any literature.
6.1. The product on QH * orb (P 1 2,3,6 ). We set the notation for generators of H * orb (P 1 2,3,6 ) as follows. Recall that E is the elliptic curve associated with the lattice Z 1, τ in C where τ = exp 2π √ −1 3 . Then P 1 2,3,6 is obtained as the global quotient [E/Z 6 ], where Z 6 ∼ = 1 + τ acts on E by the complex multiplication. There are three cone points on P 1 2,3,6 and we use the same notation w 1 , w 2 , and w 3 for these singular point as we did for P 1 3,3,3 , where w 1 , w 2 and w 3 have isotropy groups Z 2 , Z 3 , and Z 6 , respectively. The inertia orbifold IP consists of the smooth sector, BZ 2 , BZ 3 , and BZ 6 . The Q-basis of H * orb (P 
orb (P From Lemma 4.1, there are no nontrivial maps which contribute to the type of (4) and (5). Thus, if we denote t := t j,i ∆ i j , the genus 0-Gromov-Witten potential of P 1 2,3,6 can be written up to order of t 3 as follows:
(6.1) t 3,
where the precise expressions of h i (q) for 0 ≤ i ≤ 10 will be given, later.
For holomorphic orbi-spheres of type (a) and (b), we choose the presentations of domain orbi-spheres as [E/Z 6 ] and [E/Z 3 ], respectively. Here, E is the elliptic curve corresponding to the Z-lattice 1, τ in C, where τ = exp
. Figure 7 . Lattices on the universal cover of P 1 2,3,6 :
Observe that any holomorphic orbi-sphere with the orbi-insertion condition in (a) or (b) satisfies the condition in the lemma 4.2. So, we can lift such maps u : P 1 2,3,6 → P 1 2,3,6 and u : P 1 3,3,3 → P 1 2,3,6 to a linear map between universal coverings u : C → C. Below, we will count these holomorphic orbi-spheres with help of the lattice structures of inverse image of orbi-singular points in C. As in the case of P 1 3,3,3 , it will turn out that the counting matches the number of solutions of a certain Diophantine equations. The regularity of these holomorphic orbi-spheres are guaranteed by Lemma 4.4.
To clarify the orbi-insertions by looking at the lifted linear mapũ : C → C, we explicitly identify the lattice structure on C coming from the universal orbifold covering map p : C → P 1 2,3,6 as follows:
In particular, w 3 is set to be a base point associated with the universal covering (C, 0). (See Figure 7) The universal cover C of the domain P 1 2,3,6 also has the same lattice structure, and the lattices on C from the domain P Case (a) with the domain orbi-sphere P 1 2,3,6 : h i for 0 ≤ i ≤ 3. Let z 1 , z 2 , and z 3 be the three orbi-points in the domain P 1 2,3,6 , whose orders of singularities are 2, 3, and 6, respectively. If u is a holomorphic map from P 1 2,3,6 to itself with the orbi-insertion condition as in (a), then u is a orbifold covering map by Lemma 4.2, so one can find the lifting u : C → C with u(0) = 0:
Since any holomorphic orbi-sphere u contributing to (a) maps z 3 to w 3 (by the arrangement of insertions in (a)), u(z) = λz for some λ ∈ Z[τ ]. Conversely, it is clear from Figure  7 that any such linear map u descends to a holomorphic orbi-sphere with insertions as in (a). Since for λ = a + bτ (a, b ∈ Z), the degree of the underlying map of u(z) = λz is N := |λ| 2 = λλ = a 2 − ab + b 2 , the above discussion shows that
where F (q) is defined by the equation ( in the right hand side comes from the symmetry between linear maps which induce the same holomorphic orbi-sphere. By the same argument as in Section 5.2, we see that the symmetry among these linear maps is generated by the (1 + τ )-multiplication, which is nothing but the action of the isotropy group of w 3 (isomorphic to Z 6 ).
Note that the triangle whose vertices are 0 ∈ p −1 (z 3 ), 2+τ 3 ∈ p −1 (z 2 ), and 1+τ 2 ∈ p −1 (z 1 ) gives the fundamental domain of the upper-hemisphere of (the domain) P in the domain. For λ = a + bτ ,
First, note that
Hence using the equation ( Recall N = |λ| 2 = deg u, which equals the exponent of q for the term in the Gromov-Witten potential that u contributes to. Therefore, we obtain
where F i,6 is the sum of terms in F whose exponents of q is i modulo 6. Here, the constant term of h 3 can be obtained from a similar argument in the subsection 5.4.
Case (b) with the domain orbi-sphere P 1 3,3,3 . We first show that holomorphic orbi-spheres with orbi-insertions as in case (b) can be lifted to the one on P 1 3,3,3 . Let π : P 1 3,3,3 → P 1 2,3,6 be the 2-fold orbifold covering map which comes from the action on [E/ τ ] generated by the (1 + τ )-multiplication, as drawn in Figure 9 . Write w i and w i (i = 1, 2, 3) for orbi-points in P 1 3,3,3 and P 1 2,3,6 , respectively and let π send both w 1 and w 2 to w 2 , and w 3 to w 3 . After fixing base points of P 
(see Section 2.2) and π induces a group homomorphism π * : π ,3,6 ). We see from Figure 9 that the images of ρ 1 and ρ 2 under π * lie in the conjugacy class of λ 2 , and the image of the other generator ρ 3 lies in that of (λ 3 )
2 . (Here, conjugacy classes depend on the choice of base points.) It follows that π * π Let z be the one of three orbi-points of the domain P In summary, Lemma 6.1 gives rise to the following one-to-two correspondences: 
Case (c) with the domain orbi-sphere P 1 3,6,6 . For these kind of contributions, the lifting of holomorphic orbi-spheres on the universal cover level is no longer a linear map, since the domain orbi-sphere is hyperbolic. Hence we can not use our classification argument any more. However, we may try to find such maps directly by looking at their image on the universal cover C of the target P τ and proceeding as in case (a), we have
It is easy to see that six rhombi related by Z 6 -rotation at the origin represent the same map, and the degrees of these rhombi are also given by |λ| 2 . Comparing with the decomposition of F in terms of q-th power (mod 3) as in Section 5.3, it follows that h 8 (q) = 1 6 F 0,3 (q 2 ) and h 9 (q) = 1 6 F 1,3 (q 2 ), if one can prove that there are no other contributions.
Conjecture 6.3. We conjecture that there are no contributions from P 1 3,6,6, other that these rhombi, or equivalently,
There is a nontrivial algebraic relation between h 8 (q) and h 9 (q) which basically comes from the Frobenius structure on QH * orb (P 1 2,3,6 ; Q). This can be obtained as follows: firstly, (6.4)
where ( , ) is the Poincarè paring and in the second equality, we used
which is completely known from cases (b) and (c).
The last term in (6.4) can be computed with the help of the Frobenius structure: 
Plugging it into (6.4), we obtain the relation (6.5) 6h 6 h 8 = −3h 7 h 9 + 6(h 1 ) 2 + 2(h 0 ) 2 .
One can check (6.5) numerically up to a higher enough order using Mathematica with our conjectural h 8 and h 9 .
Remark 6.4. A similar kind of lifting argument as in case (b) tells us that (3, 6, 6)-contributions for P 1 3,3,3 is equivalent to a certain kind of 4-fold Gromov-Witten of P 1 3,3,3 which counts holomorphic orbi-spheres P As before, any holomorphic orbi-sphere u in our concern can be lifted to a linear map u : z → λz by Lemmas 4.2 and 4.4. We set the lattice structure on C induced by the covering C → P Here, we think of w 2 as the base point associated with the universal cover (C, 0). (See Figure  11 .)
Since we have assumed that the orbifold singular point z 2 is mapped to w 2 , the lifting u of u : P 1 2,4,4 → P 1 2,4,4 maps p −1 (z 2 ) to p −1 (w 2 ) fixing the origin. Therefore, u(z) = λz for some λ ∈ Z[i]. As mentioned, the degree of a holomorphic orbi-sphere u is |λ| 2 = a 2 + b 2 if the lifting of u is u(z) = λz with λ = a + bi. Let G(q) denote the power series (6.7)
G(q) = a,b∈Z q a 2 +b 2 .
See (7.1) for first few terms of G. Note that if we divide a 2 + b 2 by 4, then 3 can not appear as a remainder for any a, b ∈ Z. Thus, we can decompose G into G = G 0,4 + G 1,4 + G 2,4 in accordance with the exponent of q modulo 4.
We determine the orbi-insertion for each λ = a + bi by the same way as before. Note that the right-angled isosceles triangle whose vertices {0, by the linear map z → (a + bi)z. By proceeding as in the case of P 1 2,3,6 , we see that there are only three possibilities of the type of insertions, which are listed as follows: By definition of coefficients g i in (6.6), holomorphic orbi-spheres with insertions (i), (ii) and (iii) precisely give rise to g 1 , g 2 and g 3 , respectively. Therefore, we conclude that g 0 (q) = g 4 (q) = 0, and is due to the Z 4 -symmetry at the origin in the universal cover C (from the action of the local group at w 2 ) which is generated by the i-multiplication.
Appendix : Theta series
Recall that our results were expressed in terms of the following two power series (7.1) In this section, we briefly explain several number theoretic feature of F and G. (For more details, see [B, Chapter 4] or [G] .) We first provide a description of Fourier coefficients of F and G. Proof. We only prove the first identity for a N , and refer readers to [G, Theorem 3] for G. The following is a simple modification of the argument given in [G] , but we repeat it here for completeness.
Recall that for τ = e 2π √ −1/3 , |a + bτ | 2 = a 2 − ab + b 2 . This gives a structure of Euclidean domain in Z[τ ] (this ring is usually called the ring of Eisenstein integers or Eulerian integers). In particular, Z[τ ] is a unique factorization domain, and hence a prime factorization in this ring makes sense up to units which are = {±1, ±τ, ±τ 2 } = {(1 + τ ) k | 0 ≤ k ≤ 5} (and also (m 2 + 3n 2 )/4 = N . To see this, simply put m = x + y and n = x − y to (m 2 + 3n 2 )/4. Note that m and n should have the same parity. Therefore, The expression of G(q) is even simpler since G(q) = x,y∈Z q x 2 +y 2 = (θ 3 (q)) 2 .
In general, the theta function associated with a binary quadratic form Q(x, y) = ax 2 + bxy + cz 2 is defined by
where we have used the substitution q = exp(2πiz) mostly in the paper. In the Fourier expansion,
R Q (N ) exp(2πiN z), the numbers R Q (N ) are called the representation numbers of the form Q, and hence a N and b N above are given as R F (N ) and R G (N ), respectively.
These theta functions are known to be modular forms of weight 1 on (an appropriately defined subgroup of) the modular group. We believe that this modularity of F and G may help to compare our result with the one given in [ST] or [MR] .
